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Abstract
We show that the simple rank one Lie group Sp(n, 1) for any n ad-
mits a proper 1-cocycle for a uniformly bounded Hilbert space repre-
sentation: i.e. it admits a metrically proper affine action on a Hilbert
space whose linear part is a uniformly bounded representation. Our
construction is a simple modification of the one given by Pierre Julg
but crucially uses results on uniformly bounded representations by
Michael Cowling. An interesting new feature is that the properness
of these cocycles follows from the non-continuity of a critical case
of the Sobolev embedding. This work is inspired from Pierre Julg’s
work on the Baum–Connes conjecture for Sp(n, 1).
Introduction
Let G be a Lie group SO0(n, 1) (n ≥ 2), SU(n, 1) (n ≥ 2), Sp(n, 1) (n ≥ 2)
or F4(−20) and Z = G/K be the associated rank one symmetric space where
K is a maximal compact subgroup of G. Let G/P = ∂Z be the boundary
sphere of Z. We recall the following result of Pierre Julg [CCJ+01].
Theorem. ([CCJ+01, Chapter 3]) Let W = Ω
top∫
=0
(G/P) be the vector space of
top-degree forms with zero integral on G/P equipped with the natural G-action
π. There are
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1. a G-equivariant cocycle c : Z× Z→W in a sense that
c(x, y) + c(y, z) = c(x, z), and c(gx, gy) = π(g)c(x, y)
and
2. a G-invariant quadratic formQ onW for which c is proper in a sense that
Q(c(x, y))→∞ as dZ(x, y)→ +∞.
where dZ is the distance function on the symmetric space Z = G/K.
Furthermore, if G is either SO0(n, 1) or SU(n, 1), Q is positive definite on W.
With respect to the topology on W induced by the quadratic form Q, c is con-
tinuous. It follows that the groups SO0(n, 1) and SU(n, 1) have the Haagerup
property.
Recall that a second countable, locally compact, group G is said to have
the Haagerup property if there is a continuous functionψ : G→ R+, which
is conditionally negative definite and proper, that is, limg→∞ψ(g) = +∞.
See [CCJ+01] for more details. As explained in [CCJ+01], the Haagerup
property is equivalent to Gromov’s a-T-menability: a groupG is a-T-mena-
ble if there exists a continuous, (affine) isometric action α of G on some
affine Hilbert space H, which is metrically proper, that is, for all bounded
set B of H, the set { g ∈ G | α(g)B ∩ B is not empty } is relatively compact
in G.
IfG is Sp(n, 1) or F4(−20), due to Kazhdan’s property (T), G cannot have
the Haagerup property so Q is not positive definite in these cases.
In this paper, we prove the following. We shall only consider the case
when G is either SO0(n, 1), SU(n, 1) or Sp(n, 1), i.e. the exceptional group
F4(−20) is not considered.
Theorem A. Let W = Ω
top∫
=0
(G/P) be the vector space of top-degree forms with
zero integral on G/P equipped with the natural G-action π. There are
1. a G-equivariant cocycle c : Z× Z→W in a sense that
c(x, y) + c(y, z) = c(x, z), and c(gx, gy) = π(g)c(x, y),
and
2
2. a Euclidean norm || ||W on W for which the G-action on W is uniformly
bounded in a sense that
there is C > 0 such that ||π(g)w||W ≤ C||w||W for all w inW and g in G
and c is proper in a sense that
||c(x, y)||W →∞ as dZ(x, y)→ +∞.
With respect to the topology on W induced by the norm || ||W , c is continuous.
It follows that all groups SO0(n, 1), SU(n, 1) and Sp(n, 1) admit a metrically
proper, continuous affine action on a Hilbert space whose linear part is uniformly
bounded.
We remark that our Theorem A does not provide a new proof of the
Haagerup property of SO0(n, 1) and SU(n, 1) i.e. the metric is not G-
invariant in general.
An unpublished result of Yehuda Shalom states that the group Sp(n, 1)
has a uniformly bounded representation π on a Hilbert space, for which
the group cohomology H1(G, π) 6= 0 ([Now15, Section 3.9]). Our Theorem
A confirms his result explicitly in a strong sense: our cocycle is proper.
I would like to thank Michael Cowling, Tim de Laat, Nigel Higson and
Alain Valette for helpful comments.
1 Preliminaries
Details of this preliminary section can be found in [Fol75], [Cow10], [ACDB04]
and [Jul19].
1.1 Lie groups O(q)
We shall follow the notations used in [Cow10] mostly but not entirely: for
example, we define the Lie groupO(q) as matrices of right-linear transfor-
mations on the right-vector space Fn+1 although the left-linear convention
was used in [Cow10].
Let F = R,C,H be the field of real numbers, complex numbers or
quaternions with the natural inclusions between them. We write an ele-
ment z in F as
z = s+ ti + uj + vk
3
and write
z¯ = s− ti − uj − vk, |z| = (z¯z)1/2, Re(z) =
z + z¯
2
, Im(z) =
z − z¯
2
.
The imaginary part Im(F) of F consists of the range of Im which is a vector
subspace of F over R. We consider the right vector space Fn+1 over F with
the standard basis e0, e1, · · · , en. The coordinates of an element z in Fn+1
with respect to the basis (ej)
j=n
j=0 is written as z = (zj)
j=n
j=0 for zj in F. A
sesquilinear form q on Fn+1 is given by
q(z,w) = −z¯0w0 +
j=n∑
j=1
z¯jwj
for z,w in Fn+1. We consider the group O(q) of (n + 1)× (n+ 1)matrices
over F which acts on Fn+1 from left and preserves the quadratic form q,
i.e. A in O(q) satisfies
q(Az,Aw) = q(z,w) for any z = 〈z0, · · · , zn〉T , w = 〈w0, · · · , wn〉T in Fn+1.
The matrix group O(q) is a matrix Lie group and is connected unless F =
R. The Lie group SO0(n, 1) is the connected component of the identity of
O(q) for F = R, SU(n, 1) is O(q) ∩ SL(n + 1,C) for F = C and Sp(n, 1)
is O(q) for F = H. From now on, a group G is one of SO0(n, 1) (n ≥ 2),
SU(n, 1) (n ≥ 1) and Sp(n, 1) (n ≥ 1). The Lie algebra g of G consists of
matrices of the form [
X x∗
x Y
]
where X is in Im(F), x is in Fn, Y inMn(F) satisfies Y+Y
∗ = 0, and the trace
of Y must be −Xwhen F = C. Here, the star ∗ for a matrix is the conjugate
transpose. We let
K = G ∩O(| , |)
which is a closed subgroup of G that preserves the canonical Euclidean
metric on Fn+1. The group K is a maximal compact subgroup of G and it is
connected: in fact all elements in K can be written as
exp
[
X 0
0 Y
]
4
where X in Im(F) and Y in Mn(F) satisfies Y + Y
∗ = 0 (and the trace of Y
must be −X when F = C). We let
A = {a(t) ∈ G | t ∈ R }
which is a closed subgroup of G consisting of elements a(t) of the form
a(t) =

ct 0 st0 1 0
st 0 ct


for t in Rwhere the expression has the (n− 1)× (n− 1) identity matrix in
the middle entry, and 1 means the identity matrix, and where ct = cosh t
and st = sinh t are the hyperbolic cosine and sine respectively. With this
coordinate, we shall naturally identify A as the Lie group R. The element
a(t) can be written as
U

e
−t 0 0
0 1 0
0 0 et

U−1
where
U = U∗ = U−1 =

−1/
√
2 0 1/
√
2
0 1 0
1/
√
2 0 1/
√
2

 .
We let
V = { v(x, y) ∈ G | x ∈ Fn−1, y ∈ Im(F) },
N = {n(x, y) ∈ G | x ∈ Fn−1, y ∈ Im(F) }
be closed subgroups of Gwhich consist of elements v(x, y), n(x, y) respec-
tively of the form
v(x, y) = U

1 −x
∗ (y− x∗x)/2
0 1 x
0 0 1

U−1 = exp

U

0 −x
∗ y/2
0 0 x
0 0 0

U−1

 ,
n(x, y) = U

 1 0 0x 1 0
(y− x∗x)/2 −x∗ 1

U−1 = exp

U

 0 0 0x 0 0
y/2 −x∗ 0

U−1

 ,
for x in Fn−1 and y in Im(F)where each of the expressions has an (n−1)×
(n− 1)matrix in the middle entry.
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1.1 Remark. We have
v(x, y) = U

0 −x
∗ y/2
0 0 x
0 0 0

U−1 =

−y/4 x
∗/
√
2 −y/4
x/
√
2 0 x/
√
2
y/4 −x∗/
√
2 y/4

 ,
n(x, y) = U

 0 0 0x 0 0
y/2 −x∗ 0

U−1 = v(−x,−y)∗ =

 −y/4 −x
∗/
√
2 y/4
−x/
√
2 0 x/
√
2
−y/4 −x∗/
√
2 y/4

 .
We have
v(x, y) =

1+ x
∗x/4 − y/4 x∗/
√
2 x∗x/4− y/4
x/
√
2 1 x/
√
2
−x∗x/4 + y/4 −x∗/
√
2 1− x∗x/4+ y/4

 ,
n(x, y) = v(−x,−y)∗ =

1+ x
∗x/4− y/4 −x∗/
√
2 −x∗x/4+ y/4
−x/
√
2 1 x/
√
2
x∗x/4− y/4 −x∗/
√
2 1− x∗x/4+ y/4

 .
Let
w0 =
[
−1 0
0 1
]
where −1 is a 1× 1-matrix and 1 is an n× n-matrix. We have
w20 = 1, w0v(x, y)w0 = n(x, y), w0v(x, y)w0 = n(x, y).
The closed subgroupM of G is defined as the centralizer of A in K. We
have
M = {

q 0 00 m 0
0 0 q

 ∈ K }.
The closed subgroup MA normalizes N and V soMAN,MAV are closed
subgroups of G. We set P = MAN.
We give a standard geometric description of the symmetric space G/K
and the homogeneous space G/P. The Lie group G naturally acts on the
projective space P(Fn+1) over F and an orbit
G · [1, 0, · · · , 0]T
6
consists of points of the form
[z0, z1, · · · , zn]T ,
j=n∑
j=1
|zj|
2 < |z0|
2.
The isotropy subgroup of G at the point [1, 0, · · · , 0]T is the maximal com-
pact subgroup K so this orbit is canonically identified as G/K. Let
d = dG = dimRF.
Later, we shall use the same notation d for the de-Rham differential opera-
tor but it should not cause any confusion. We have the following standard
identification
Z = G/K = {(zj)
j=n
j=1 ∈ Fn |
j=n∑
j=1
|zj|
2 < 1} = Ddn
ofG/Kwith the dn-dimensional diskDdn in the real Euclidean spacewhere
we identify the point (zj)
j=n
j=1 in the disk with the point [1, z1, · · · , zn]T in
the projective space. With this identification, the G-action on the disk
D
dn = G/K can be written as
[
a b
c d
]
z1
...
zn

 =

c+ d


z1
...
zn





a+ b


z1
...
zn




−1
for g =
[
a b
c d
]
∈ G,
where a is in F, b is a 1 × n-matrix, c is an n × 1-matrix and d in an
n×nmatrix over F. This formula for the G-action still makes sense on the
boundary sphere Sdn−1 of Ddn. The maximal compact subgroup K acts on
the disk and on the sphere as rotations and the isotropy subgroup of G at
the point o = (0, · · · , 0, 1) in the sphere is the closed subgroup P = MAN.
We note that K ∩ P = M. We obtain the standard identification
G/P = G · o = Sdn−1 = K/M.
Basic computations show
v(x, y) · o =
[ √
2x
1− x∗x/2+ y/2
]
(1+ x∗x/2− y/2)
−1
,
7
n(x, y) · (−o) = w0 · (v(x, y) · o) =
[
−
√
2x
−1+ x∗x/2− y/2
]
(1+ x∗x/2− y/2)
−1
in Sdn−1 ⊂ Fn for x in Fn−1, y in Im(F) and −o = (0, · · · , 0,−1). Here, the
first row has an entry in Fn−1 and the second row has an entry in F. From
this, we see V ∩ P consists only of the identity and V acts transitively on
the orbit V · owhich is Sdn−1 − {−o}. We obtain a Bruhat decomposition
G/P = VP ⊔wP ∼= V ⊔ {∞}
where w is some fixed element in K of the form
1 0 00 m 0
0 0 −1

 .
The Cayley transform for V (and similarly for N)
C : V → G/P = K/M
is defined by
C(v) = v · o ∈ G/P
or equivalently
C(v) = K˜(v)M ∈ K/M
where g = K˜(g)N˜(g)A˜(g) for g ∈ G with respect to the decomposition
G = KNA.
1.2 Analysis on Heisenberg groups
Let V be a Lie algebra
V = o⊕ z, o = Fn−1, z = ImF
with Lie Bracket
[(x ′, y ′), (x, y)] = (0, −2Im(x ′∗x))
for x in o and y in z. The Lie algebra V is naturally the Lie algebra of the
closed subgroup V of Gwith exponential map
V ∋ (x, y) 7→ v(x, y) = U

1 −x
∗ (y− x∗x)/2
0 1 x
0 0 1

U−1 ∈ V.
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Wehave v(x ′, y ′)v(x, y) = v(x ′+x, y ′+y−2Im(x ′∗x)). The exponential map
is a homeomorphism and the Lie group V is a simply connected, two-step
nilpotent Lie group (when F = R, it is abelian). With this coordinate
(x, y) ∈ V = o⊕ z = Fn−1 ⊕ ImF ∼= Rd(n−1) ⊕ Rd−1
for elements v(x, y) in V , we use a Haar measure dµV = dxdy for V where
dx and dy are the Lebesgue measures on o = Fn−1 and on z = Im(F)which
are naturally Euclidean spaces with norm || ||o and || ||z respectively.
We set
N(x, y) =
(
|x∗x|2 + |y|2
)1/4
=
(
||x||4o + ||y||
2
z
)1/4
.
This is a homogeneous function on the stratified Lie group V of degree one
in the sense of Folland [Fol75, Page 164].
We define
r = rG = dimRF
n−1 + 2dimRIm(F) = d(n− 1) + 2(d− 1) = d(n+ 1) − 2,
namely
r =


n− 1 for SO0(n, 1) (F = R),
2n for SU(n, 1) (F = C),
4n+ 2 for Sp(n, 1) (F = H).
1.2 Lemma. (see [Cow10, Lemma 1.1]) For any complex number ξwith Re(ξ) >
0, Nξ−r is locally integrable everywhere on V and defines a distribution
f 7→
∫
V
f(x−1)Nξ−r(x)dµV(x)
on C∞c (V). If Re(ξ) ≤ 0, Nξ−r is not locally integrable at the origin of V .
Given X in V , we also write X for the associated left-invariant vector
field on V , i.e.,
Xf(v) =
d
dt
f(vexp(tX))
∣∣∣∣
t=0
for a smooth function f on V and for v in V . Fix an orthonormal basis
{Ej}
d(n−1)
j=1 of o. We define the sub-Laplacian ∆o on V by
∆o = −
d(n−1)∑
j=1
E2j .
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Folland ([Fol75, Section 3]) showed that the sub-Laplacian ∆o is an essen-
tially selfadjoint, positive definite operator on the Hilbert space L2(V, dµV)
with domainC∞c (V) of compactly supported, smooth functions onV ([Fol75,
Theorem 3.8, Proposition 3.9]). Thus, the power∆ξ as an unbounded oper-
ator on L2(V, dµV)makes sense for any complex number ξ. For any α ≥ 0,
∆α is essentially selfadjoint on C∞c (V) (see [Fol75, Theorem 4.5]).
1.3 Proposition. ([Cow10, Proposition 2.6]) For any complex number ξ with
Re(ξ) > 0, the composition
∆ξ/2 ◦ (∗Nξ−r),
defined as distribution is bounded on L2(V, dµV). Here, (∗Nξ−r) is a convolution
from the right. In particular, taking ξ = r/2,
∆r/4 ◦ (∗N−r/2)
extends to a bounded operator on L2(V, dµV).
1.4 Remark. The composition ∆ξ/2 ◦ (∗Nξ−r) is invertible on L2(V, dµV)
when ξ is not even integer (see [Cow10, Proposition 2.9]).
For any real number α, we define the Sobolev space
Hα(V)
to be the completion of C∞c (V) with respect to the following norm
||f||Hα(V) = 〈∆αf, f〉1/2L2(V,dµV ) = ||∆
α/2f||L2(V,dµV ).
1.5 Remark. This is not same as the Sobolev space defined in [Fol75, Sec-
tion 4] on which the norm is defined as
||f|| = ||(1 + ∆)α/2f||L2(V,dµV ).
However, these two norms are locally equivalent in a sense that for any
bounded open regionΩ of V , there is a constant CΩ such that
||∆α/2f||L2(V,dµV ) ≤ ||(1+ ∆)α/2f||L2(V,dµV ) ≤ CΩ||∆α/2f||L2(V,dµV )
holds for any f in C∞c (Ω).
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From Proposition 1.3, we see that the convolution ∗N−r/2 on C∞c (V)
extends to a bounded operator from L2(V, dµV) toH
r/2(V).
We end this subsection with the following lemma which will be used
essentially as the reason for the properness of our cocycles. Consider the
evaluation map
ev0 : C
∞
c (V)→ C
at the origin of V , which we regard as an unbounded functional (operator)
on a Sobolev spaceHα(V).
1.6 Lemma. The functional ev0 is not bounded onH
r/2(V).
Proof. Suppose for the contradiction, the evaluation ev0 is bounded on
Hr/2(V). Then, the composition
ev0 ◦ (∗N− r2 ) : L2(V, dµV)→ H r2 (V)→ C,
which is nothing but the distribution N−
r
2 on V (acting from right), would
be bounded on L2(V, dµV). On the other hand, the function N
− r
2 is not
locally square-integrable on V at the origin (see Lemma 1.2), a contradic-
tion.
1.7 Remark. WhenG = SO0(n, 1), Lemma 1.6 is essentially same as saying
that the evaluation map on the Sobolev spaceWn/2,2(Rn) is not continuous,
which is well known and which can be easily checked using elementary
Fourier analysis for example. This is one of the critical cases of the Sobolev
embedding theorem.
1.3 Principal series representations
We use the normalized Haar measure dµK, dµM on K and on M respec-
tively and the standard Lebesgue measures dµA, dµN, dµV on A, on N
and on V respectively. Here, dµN is defined analogously to dµV . The fol-
lowing formula defines a Haar measure dµG on G (all of these groups are
unimodular so these measures are left and right invariant).∫
G
f(g)dµG =
∫
K
dµK(k)
∫
N
dµN(n)
∫
A
dµA(a)f(kna).
We have (see [Cow10, Page 88])∫
G
f(g)dµG = CG
∫
V
dµV(v)
∫
N
dµN(n)
∫
A
dµA(a)
∫
M
dµM(m)f(vnam)
11
for some positive constant CG which depends only on G.
Recall P = MAN is a closed subgroup of G and N is a closed normal
subgroup of P. We define a (non-unitary) character ρ on A as
ρ(a(t)) = exp(rt/2).
1.8 Remark. This is the exponential of the half-sum of the roots of a on n.
It is the square-root of the Jacobian of the conjugation action n 7→ ana−1
of A on N so we have∫
N
f(ana−1)ρ(a)2dµN(n) =
∫
N
f(n)dµN(n).
We have (see [Cow10, Page 90-91])∫
N
f(a−1na)ρ(a)−2dµN(n) =
∫
N
f(n)dµN(n),
∫
V
f(a−1va)ρ(a)2dµV(v) =
∫
V
f(v)dµV(v).
For any unitary irreducible (finite-dimensional) representation µ ofM
onHµ and for any complex number λ, we consider the vector space Iµ,λ of
Hµ-valued measurable functions f on G satisfying
f(gman) = µ−1(m)exp(−(r+ λ)t/2)f(g) = µ−1(m)exp(−λt/2)ρ−1(a)f(g)
for any p = man in P where a = a(t). The group G acts on functions in
Iµ,λ by the left-translation.
1.9 Remark. Take Re(λ) = 0. We have∫
V
||f(a−1v)||2dµV(v) =
∫
V
||f(a−1vaa−1)||2dµV(v)
=
∫
V
||f(a−1va)||2ρ(a)2dµV(v) =
∫
V
||f(v)||2dµV(v).
We define
||f||(V)p =
(∫
V
||f(v)||pdµV(v)
)1/p
,
||f||(K)p =
(∫
K
||f(k)||pdµK(k)
)1/p
=
(∫
K/M
||f(kM)||pdµK/M(kM)
)1/p
= ||f||(K/M)p .
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1.10 Proposition. ([Cow10, Lemma 5.2]) Suppose λ is in the tube T given by
T = {λ ∈ C | Re(λ) ∈ [−r, r]}
and let p ∈ [1,+∞] be given by the formula
1/p = Re(λ)/2r+ 1/2.
Then, for any measurable function f in Iµ,λ we have∫
K
||f(k)||pdµK(k) = CG
∫
V
||f(v)||pdµV(v)
and G acts isometrically on IL
p
µ,λ, the space of functions f in Iµ,λ for which ||f||
(V)
p
is finite, equipped with the same norm. If p = ∞, the integral is replaced by the
essential supremum.
1.4 Uniformly bounded representations (non-compact pic-
ture)
We set I∞µ,λ to be the subspace of Iµ,λ consisting of smooth functions on G.
Let
L2(V ;Hµ) = L
2(V, dµV)⊗Hµ, Hα(V ;Hµ) = Hα(V)⊗Hµ.
For any real numberα, we set I
Hα(V ;Hµ)
µ,λ to be the closure of the subspace
of I∞µ,λ of those functions fwhose restriction f
(V) to V have compact support
in V , with respect to the norm
||f||
I
Hα(V ;Hµ)
µ,λ
= ||f(V)||Hα(V ;Hµ) = ||∆
α/2f(V)||L2(V ;Hµ).
1.11 Theorem. ([Cow10, Theorem 7.1]) Suppose λ is inside the tube T , namely
suppose Re(λ) ∈ (−r, r). Then, G acts uniformly boundedly on the Hilbert space
I
Hα(V)
µ,λ for α = −Re(λ)/2.
1.12 Remark. As explained in [Cow10, Page 112], it follows from this the-
orem that I∞µ,λ ⊂ IH
α(V ;Hµ)
µ,λ .
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1.5 Quasi-conformal structure on G/P = K/M
We follow some of the notations used in [Jul19]. We use the normalized
K-invariant Riemannianmetric on the boundary sphere K/M = G/P = ∂Z
where we recall Z = G/K. We recall that unless G = SO0(n, 1), the G-
action on G/P is not conformal but quasi-conformal in a sense that there is
aG-equivariant subbundle E of the tangent bundle T(G/P) of codimension
1 or 3 for G = SU(n, 1) and for G = Sp(n, 1) respectively such that the
G-action on E and on the quotient bundle T(G/P)/E is conformal. We
set E = T(G/P) if G = SO0(n, 1). The cotangent bundle T
∗(G/P) has a
canonical structure of two-step nilpotent Lie algebra bundle on G/P with
fiber
(g/px)
∗ ∼= nx
at x where px is the Lie algebra of the isotropy subgroup Px of G at x and
nx is the nilpotent radical (the maximal nilpotent ideal) of px. Here, the
isomorphism is via the Killing form on g. The centers zx = [nx, nx] of nx
form a G-equivariant subbundle F of T ∗(G/P) and E is the annihilator F⊥
of F.
1.6 Uniformly bounded representations (compact picture)
Recall I∞µ,λ is the subspace of Iµ,λ consisting of smooth functions on G. The
space I∞µ,λ is naturally identified with the space ofHµ-valued smooth func-
tions f on K satisfying
f(km) = µ(m)−1f(k).
The latter space is naturally identifiedwith the space Γ(K/M;Eµ) of smooth
sections of the associated vector bundle
Eµ = K×M Hµ = { [k, v] | k ∈ K, v ∈ Hµ }
on the sphere K/M = G/P where [k, v] = [km, µ(m)−1v]. This is the com-
pact picture of the principal series representations. The space Γ(K/M;Eµ)
of smooth sections of Eµ is equipped with a natural L
2-norm using the K-
invariant metric on K/M. Let L2(K/M;Eµ) be its L
2-completion.
For any f in I∞µ,λ, let us denote by f
(K/M) in Γ(K/M;Eµ), the correspond-
ing smooth section of the bundle Eµ on K/M.
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Let∇ be a connection to the bundle Eµ. We define
∇E : Γ(K/M;Eµ)→ Γ(K/M;Eµ ⊗ E∗)
be the restriction of the connection to the subbundle E of TM. We define
∆E = ∇∗E∇E
acting on Γ(K/M;Eµ).
For any real number α, we set I
Hα(K/M;Eµ)
µ,λ to be the closure of I
∞
µ,λ with
respect to the norm
||f||
I
Hα(K/M;Eµ)
µ,λ
= ||f(K/M)||Hα(K/M;Eµ) = ||(1+ ∆E)
α/2f(K/M)||L2(K/M;Eµ).
1.13 Theorem. ([ACDB04, Theorem 23, see also Section 5]) Suppose λ is inside
the tube T , namely suppose Re(λ) ∈ (−r, r). Then for α = Re(λ)/2, the identity
on I∞µ,λ extends to an isomorphism of Banach spaces
I
Hα(V)
µ,λ
∼= I
Hα(K/M)
µ,λ .
In other words, the two norms || ||
I
Hα(V)
µ,λ
and || ||
I
Hα(K/M)
µ,λ
on I∞µ,λ are equivalent.
1.14 Corollary. ([Cow10], [ACDB04], see also [Jul19, Theorem 26, Corollary
27]) Suppose λ is inside the tube T , namely suppose Re(λ) ∈ (−r, r). Then, G
acts uniformly boundedly on the Hilbert space I
Hα(K/M)
µ,λ for α = −Re(λ)/2.
2 Constructions of a proper cocycle
2.1 Cocycle
LetW = Ω
top∫
=0
(G/P) be the complexified vector space of top-degree forms
with zero integral onM equippedwith the naturalG-action π. Our cocycle
will be the same as the one in the Julg’s construction. Namely, for x, y in
Z = G/K,
c(x, y) = µx − µy ∈W = Ωtop∫=0(G/P)
where µx is the visual measure, with respect to x, on the boundary sphere
G/P = ∂Z, i.e. µx is the Kx-invariant normalized volume form on the
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boundary sphere where Kx is the isotropy subgroup of G at x. If we natu-
rally identify Z = G/K as the unit disk Ddn in Rdn with origin 0 and G/P
as the standard sphere Sdn−1 we have
µ0 = VolSdn−1 , µg0 = (g
−1)∗(µ0)
where VolSdn−1 is the standard normalized volume form on S
dn−1. It is clear
that the map c is a G-equivariant cocycle in a sense that
c(x, y) + c(y, z) = c(x, z), and c(gx, gy) = π(g)c(x, y).
2.2 Euclidean norm on W
We use the natural G-action on the complexified vector space Ω∗(G/P) of
differential forms on G/P. Let
W0 = Ω
0(G/P)/C1G/P
be the quotient space of the vector spaceΩ0(G/P) = C∞(G/P) of complex-
valued smooth functions on G/P by the one-dimensional G-invariant sub-
space spanned by the constant function 1G/P. The quotient space W0 has
the natural induced G-action. Note that the vector spaceW = Ω
top∫
=0
(G/P)
is naturally viewed as a dual ofW0. We shall put a pre-Hilbert space struc-
ture on W0 for which the G-action on W0 becomes uniformly bounded
using the result of Michael Cowling, which we described in the previous
section. With the induced pre-Hilbert structure onW as the dual space of
W0, the G-action onW becomes uniformly bounded.
2.2.1 The case of SO0(n, 1)
The case when G is SO0(n, 1) is simple and yet different from the one de-
fined by the quadratic form Q (see Introduction) in an interesting way so
we first discuss this.
We note that via the de-Rham differential d : Ω0(G/P) → Ω1(G/P)
which is of course G-equivariant, the G-space W0 can be identified as a
G-equivariant subspace of Ω1(G/P). On the other hand, we recall the fol-
lowing result of Michael Cowling:
2.1 Theorem. ([Cow10], [ACDB04], [Jul19, Corollary 27]) Let G = SO0(n, 1)
for n ≥ 3. Define an inner product 〈 , 〉 and its associated norm || || onΩ1(G/P)
by
〈w1, w2〉 = 〈w1, ∆n−12 −1w2〉Ω1
L2
(G/P), ||w|| = 〈w,w〉
1
2 = ||∆
n−1
4
− 1
2w||Ω1
L2
(G/P)
where the Laplacian ∆, the inner product 〈 , 〉Ω1
L2
(G/P) and the norm || ||Ω1
L2
(G/P)
are the ones defined by the standard Riemannian metric on G/P = Sn−1. Then,
the G-action onΩ1(G/P) is uniformly bounded with respect to the norm || ||.
Proof. When n = 3, 1 is the half the dimension of G/P, so the G-action on
Ω1
L2
(G/P) is a unitary representation. For n ≥ 4, the G-space Ω1(G/P) is
naturally identified as the compact picture of the principal series represen-
tation I∞µ,λ where µ = (g/p)
∗⊗C ∼= n⊗C ∼= Cn−1 is a unitary irreducible rep-
resentation ofM = SO(n− 1) and λ = −r+ 2 ∈ (−r, r). The claim follows
from Corollary 1.14 and from the fact that the Laplacian is bounded away
from zero onΩ∗(G/P) except for the zeroth and the top-degree forms.
We can restrict our attention to the G-equivariant subspace W0 inside
Ω1(G/P) to obtain the following.
2.2 Corollary. Let G = SO0(n, 1) for n ≥ 2. Define an inner product 〈 , 〉 and
its associated norm || || onW0 = Ω
0(G/P)/C1G/P by
〈φ,φ〉 = 〈dφ,∆n−12 −1dφ〉Ω1
L2
(G/P) = 〈φ,∆
n−1
2 φ〉L2(G/P),
||φ|| = 〈φ,φ〉 12 = ||∆n−14 φ||L2(G/P)
where the inner product 〈 , 〉L2(G/P) and the norm || ||L2(G/P) are the ones defined
by the standard normalized volume form on G/P = Sn−1. Then, the G-action on
W0 is uniformly bounded with respect to the norm || ||.
Proof. When n = 2, via the composition of the Poisson transform and the
de-Rham differential d, W0 can be naturally identified as the G-space of
L2-harmonic one-forms on G/K which is a square-integrable unitary rep-
resentation of G. The direct computation shows that the given norm on
W0 coincides, up to scalar, with the one on L
2-harmonic one-forms via this
identification. For n ≥ 3, the claim follows from Theorem 2.1.
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We remark that this uniformly bounded representation is unitarizable
but not unitary unless n = 2 or 3. The “correct” norm involves more
complicated functional calculus of the Laplacian ∆. Note that equipped
with this norm, W0 is more or less (the quotient of) the Sobolev space
W
n−1
2
,2(G/P) which is the one appearing in the critical case of the Sobolev
embedding: for ǫ > 0, we have the following natural continuous embed-
ding
W
n−1
2
+ǫ,2(G/P)→ C(G/P),
but this fails to be well-defined (continuous) at ǫ = 0. This will be essen-
tially the reason for the properness of our cocycle.
2.2.2 The case of SU(n, 1) and Sp(n, 1)
Recall that E is a G-equivariant subbundle of TM of codimension 1 when
G = SU(n, 1) and 3 when G = Sp(n, 1). We define Γ(E∗) to be the com-
plexified vector space of smooth sections of the bundle E∗ and
D = |E ◦d : Ω0(G/P)→ Ω1(G/P)→ Γ(E∗)
to be the composition of the de-Rham differential d and the restriction
of one-forms defined on T(G/P) to the subbundle E. With respect to the
natural G-action on Ω0(G/P) and Γ(E∗), D is G-equivariant. The kernel
of D is spanned by the constant function 1G/P. We regard the quotient
space W0 = Ω
0(G/P)/C1G/P as a G-equivariant subspace of Γ(E
∗). We
define sub-Laplacian ∆E = ∇∗E∇E on Γ(E∗) as in Subsection 1.6 choosing a
K-invariant connection ∇ on E∗.
We recall the following result of Michael Cowling:
2.3 Theorem. ([Cow10], [ACDB04], [Jul19, Corollary 27]) Let G = SU(n, 1)
for n ≥ 2 or Sp(n, 1) for n ≥ 1. Define an inner product 〈 , 〉 and its associated
norm || || on Γ(E∗) by
〈w1, w2〉 = 〈w1, (1+ ∆E) r2−1w2〉Γ
L2
(E∗),
||w|| = 〈w,w〉 12 = ||(1+ ∆E) r4− 12w||Γ
L2
(E∗)
where the inner product 〈 , 〉Γ
L2
(E∗) and the norm || ||Γ
L2
(E∗) are the ones defined
by the K-invariant metric on G/P. Then, the G-action on Γ(E∗) is uniformly
bounded with respect to the norm || ||.
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Proof. For G = Sp(n, 1), the G-space Γ(E∗) is naturally identified as the
compact picture of the principal series representation I∞µ,λ where
µ = (n/z)⊗R C ∼= Hn−1 ⊗R C
is a unitary irreducible representation ofM ∼= Sp(1) × Sp(n − 1) and λ =
−r+2 ∈ (−r, r). Here, Sp(n−1) acts onHn−1 from left and Sp(1) acts from
right (scalar multiplication). For G = SU(n, 1),
µ0 = (n/z) ∼= C
n−1
is an irreducibleM-module over C but
(n/z)⊗R C ∼= Cn−1 ⊗R C
decomposes into two irreducibleM-modules isomorphic to µ0 and its con-
jugate µ¯0. Thus, Γ(E
∗) is a direct sum of two principal series representa-
tions I∞µ0,λ and I
∞
µ¯0,λ
for the same λ = −r+ 2. The claim follows from Corol-
lary 1.14.
2.4 Corollary. Let G = SU(n, 1) for n ≥ 2 or Sp(n, 1) for n ≥ 1. Define an
inner product 〈 , 〉 and its associated norm || || onW0 = Ω0(G/P)/C1G/P by
〈φ,φ〉 = 〈Dφ, (1+ ∆E) r2−1Dφ〉Γ
L2
(E∗),
||φ|| = 〈φ,φ〉 12 = ||(1+ ∆E) r4− 12Dφ||Γ
L2
(E∗).
Then, the G-action onW0 is uniformly bounded with respect to the norm || ||.
3 Proof of the properness of the cocycle
Now we have a uniformly bounded representation of G on a pre-Hilbert
spaceW0 = Ω(G/P)/C1G/P. The induced representation on the dual Hilbert
spaceW∗0 is uniformly bounded. TheG-spaceW = Ω
top∫
=0
(G/P) is naturally
a dense G-equivariant subspace ofW∗0 and the cocycle
c : Z× Z ∋ (x, y) 7→ µy − µx ∈W ⊂W∗0
is G-equivariant and continuous.
19
We show that this cocycle is proper with respect to the induced norm
on W∗0 and Theorem A follows. By double transitivity, for pairs of points
with same distance, of the G-action on Z = G/K and by the uniform-
boundedness of the G-action onW∗0 , it suffices to show that
(3.1) lim
x→o
= ||µx − µ0||W∗
0
= +∞
for o = (1, 0, · · · , 0) in ∂Z = G/P = Sdn−1. For this, it is enough to show
that there are a small open neighborhood Uo of o in G/P and a sequence
φn of functions in C
∞
c (Uo) such that
1. ||φn||W0 are uniformly bounded for n ≥ 1,
2. limn→∞φn(o) = +∞.
Indeed, if this is the case, we may translate (−1)φn to around the an-
tipodal −o of o to get φ¯n and obtain a sequence ψn = φn+ φ¯n of functions
inΩ0(G/P) such that
3. ||ψn||W0 are uniformly bounded for n ≥ 1,
4. limn→∞ψn(o) = +∞,
5. µ0(ψn) = 0.
Clearly, the existence of such a sequence of functions implies (3.1).
Now the problem is local and we can work in a local model V of G/P
around the point o using the Cayley transform C (see Section 1.1). To find
a desired sequence of functions satisfying 1. and 2., it suffices to find a
sequence φn of function in C
∞
c (V0)where V0 is a small open neighborhood
V0 of the origin 0 (the identity) in V , satisfying
6. ||φn||Hr/2(V) are uniformly bounded for n ≥ 1,
7. limn→∞φn(0) = +∞.
To find such a sequenceφn on V , recall from Lemma 1.6 that the evaluation
map
ev0 : C
∞
c (V)→ C
at the origin is not continuous with respect to the Sobolev norm || ||Hr/2(V).
Folland showed that the multiplication by a compactly supported, smooth
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function on V is bounded on the Sobolev space Hr/2(V) (see [Fol75, The-
orem 4.15]). It follows that there is a sequence φn of functions in C
∞
c (V0)
satisfying 6. and 7. where V0 is an arbitrary small open neighborhood of
the origin 0. This ends our proof of the properness of the cocycle. We
conclude that Theorem A holds.
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